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GLOBAL WELL-POSEDNESS OF 2D NONLINEAR BOUSSINESQ
EQUATIONS WITH MIXED PARTIAL VISCOSITY AND
THERMAL DIFFUSIVITY
CHAO CHEN, JITAO LIU
Abstract. In this paper, we discuss with the global well-posedness of 2D anisotropic
nonlinear Boussinesq equations with any two positive viscosities and one positive
thermal diffusivity. More precisely, for three kinds of viscous combinations, we ob-
tain the global well-posedness without any assumption on the solution. For other
three difficult cases, under the minimal regularity assumption, we also derive the
unique global solution. To the authors’ knowledge, our result is new even for the
simplified model, that is, F (θ) = θe2.
1. Introduction and main results
The two dimensional anisotropic nonlinear Boussinesq system in the whole space
can be read as:
∂tu
x + u · ∇ux − νxx∂xxu
x − νxy∂yyu
x + ∂xπ = F1(θ),
∂tu
y + u · ∇uy − νyx∂xxu
y − νyy∂yyu
y + ∂yπ = F2(θ),
∂tθ + u · ∇θ − κx∂xxθ − κy∂yyθ = 0,
∇ · u = 0,
(u, θ)(x, 0) = (u0, θ0)(x),
(1.1)
where u = (ux, uy), θ represent the velocity field and temperature respectively. π
is a scalar pressure, and νij, κi, (i, j = x, y) are viscosities and thermal diffusivities.
The term F (θ) = (F1(θ), F2(θ)) ∈ C
2 is a vector field function satisfying F (0) = 0.
For convenience, we use the notation
(A | B) =
(
νxx νxy κx
νyx νyy κy
)
,
as a matrix denoting all the viscosities and thermal diffusivities.
Key words and phrases. nonlinear Boussinesq equations; global well-posedness; partial viscosity;
partial thermal diffusivity.
2010 Mathematics Subject Classification. 35B30, 35D05, 35Q30, 76D05, 86A04.
1
2 CHAO CHEN, JITAO LIU
The Boussinesq system arises from the description of natural convection, modeling
many geophysical flows such as atmospheric fronts and ocean circulations (see for
example [9, 12]). Mathematically, it provides an accurate approximation to the 3D
incompressible fluids in many important applications. For example, the 2D Boussi-
nesq equations retain some key features of the 3D Euler and Navier-Stokes equations
such as the vortex stretching effects which was shown in [10]. It is well known that
whether classical solutions to the 3D Euler and Navier-Stokes equations can develop
finite time singularities is still open. Therefore, the understanding of 2D Boussinesq
equations may shed light on this challenging problem.
Now, let us recall the development of global well-posedness to (1.1) briefly when
F (θ) = θe2 with e2 = (0, 1). The global regularity of (1.1) with full viscosity and
thermal diffusivity is established in [2]. If all the parameters are zero, (1.1) becomes
inviscid and the global regularity problem appears to be out of reach.
Nevertheless, in the past years, the intermediate cases when some of the parameters
are positive have attracted considerable attention and big progress has been made.
In the beginning, when νi,j ≡ ν > 0 and κx = κy = 0, Chae [4] and Hou-Li [8]
establish the global regularity which resolves one of the open problems proposed by
Moffatt in [11]. In addition, the case of νi,j ≡ 0, κx = κy > 0 is also studied in
[4]. Later, Danchin and Paicu [5] derive the global well-posedness for the anisotropic
Boussinesq equations with only horizontal viscosity or thermal diffusivity, i.e. νxx =
νyx > 0, νxy = νyy = κx = κy = 0 or κx > 0, νi,j = κy = 0. Recently, Cao and
Wu obtain the global regularity for the system with vertical viscosity and thermal
diffusivity (νxx = νyx = κx = 0, νxy = νyy = κy > 0 ) in [3]. Afterwards, their result
is extended to more general source term F (θ) instead of θe2 by Wu and Zheng [15].
In a word, they get the unique global solution to the Cauchy problem of (1.1) with
Case 1. (A | B) =
(
1 0 1
1 0 0
)
and Case 2. (A | B) =
(
0 1 0
0 1 1
)
.
Subsequently, Adhikari et al. in [1] proved that, when νxy = νyx > 0, νxx = νyy =
κx = κy = 0 or νyx = νyy > 0, νxx = νxy = κx = κy = 0, the corresponding system
with F (θ) = θe2 always possess global classical solutions. Based on this result, it is
not hard to conclude the global well-posedness to the Cauchy problem of (1.1) with
Case 3. (A | B) =
(
0 0 0
1 1 1
)
, Case 4. (A | B) =
(
0 0 1
1 1 0
)
,
3Case 5. (A | B) =
(
0 1 1
1 0 0
)
, Case 6. (A | B) =
(
0 1 0
1 0 1
)
.
Recently, Du and Zhou in [6] study the global well-posedness to the MHD system
with some kinds of mixed partial viscosities in the whole space. Motivated by this
work, in the present paper, we intend to study the global well-posedness for all the
rest cases to (1.1) with partial viscosities. It is emphasized that this work covers
the global well-posedness of (1.1) with any two positive viscosities and one positive
thermal diffusivity, even for the simplified case F (θ) = θe2. To be more precise, we
will study (1.1) with all the following cases,
Case 7. (A | B) =
(
1 1 1
0 0 0
)
, Case 8. (A | B) =
(
0 1 1
0 1 0
)
,
Case 9. (A | B) =
(
1 0 0
1 0 1
)
, Case 10. (A | B) =
(
1 1 0
0 0 1
)
,
Case 11. (A | B) =
(
1 0 1
0 1 0
)
, Case 12. (A | B) =
(
1 0 0
0 1 1
)
.
Our main results can be summarized by the following two theorems.
Theorem 1.1. Suppose that θ0 ∈ L
∞(R2)∩H2(R2), F (θ0) ∈ L
2(R2) and u0 ∈ H
2(R2)
with ∇ · u0 = 0. Then there exists a unique global solution (u, θ) solving the system
(1.1) with Case 7–Case 9 such that
(u, θ) ∈ L∞(R+;H
2(R2)).
Remark 1.1. Due to lack of partial viscosities and thermal diffusivities, it makes
this problem more challenging. Mathematically, without sufficient smooth effect, H1
and H2 estimates cannot be obtained by the standard energy methods. To overcome
this difficulty, we make full advantage of the incompressible condition together with
the anisotropic inequalities to obtain some delicate estimates, which helps us to get
the global well-posedness. On the other hand, there are six separate cases addressed
in this theorem. To make the proof more clearly and avoid repetition, we try the
best to use the uniform proof.
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Theorem 1.2. Let θ0 ∈ L
∞(R2) ∩ H2(R2), F (θ0) ∈ L
2(R2) and u0 ∈ H
2(R2) with
∇ · u0 = 0.
(i) Then there exists a unique global solution (u, θ) solving the system (1.1) with
Case 10–Case 11 such that (u, θ) ∈ L∞(0, T ;H2(R2)) for any T > 0, if
‖∂xu
y‖L2(0,T ;L2(R2)) <∞ or ‖∂xθ‖L2(0,T ;L2(R2)) <∞. (1.2)
(ii) Then there exists a unique global solution (u, θ) solving the system (1.1) with
Case 12 such that (u, θ) ∈ L∞(0, T ;H2(R2)) for any T > 0, if
‖∂yu
x‖L2(0,T ;L2(R2)) <∞ or ‖∂yθ‖L2(0,T ;L2(R2)) <∞. (1.3)
Remark 1.2. Compared with other cases, Case 11 and 12 are more difficult to
prove since less smooth effect is provided. Essentially, the a priori estimates of the
vorticity cannot be obtained without additional assumptions. Though there are two
viscosities, only ‖∂xu
x‖L2(0,T ;L2(R2)) can be obtained by energy methods. Furthermore,
more challenge occurs in the H2 estimates of velocity, since the viscosity term is not
enough to control all the nonlinear terms. To obtain the global well-posedness under
minimal regularity assumptions, we need more delicate estimates.
Remark 1.3. The solutions in Theorem 1.1 and 1.2 are defined as follows.
Definition 1.1. Suppose θ0 ∈ L
∞ ∩ H1(R2), F (θ0) ∈ L
2(R2) and u0 ∈ H
1(R2). A
pair of measurable u(x, t) and θ(x, t) is called a global weak solution of (1.1) if for
any T > 0,
u ∈ L∞(0, T ;H2(R2)), θ ∈ L∞(0, T ;H2(R2)); (1.4)
and ∫
R2
u0 · ϕ0 dx+
∫ T
0
∫
R2
[
u · ϕt + u · ∇ϕ · u+ F (θ) · ϕ
]
dxdydt (1.5)
=
∑
i,j∈{x,y}
νij
∫ T
0
∫
R2
∂ju
i∂jϕ
idxdydt,
∫
Ω
θ0ψ0dx+
∫ T
0
∫
R2
[
θψt + u · ∇ψθ
]
dxdydt =
∑
i∈{x,y}
κi
∫ T
0
∫
R2
∂iθ∂iψdxdydt, (1.6)
holds for any ϕ = (ϕx, ϕy), ψ ∈ C∞([0, T ]×R2) with ∇ · ϕ = ϕ(x, T ) = ψ(x, T ) = 0.
Remark 1.4. The existence of such weak solution is based on the a priori estimates
and the Friedrichs approximation method. See Lemma 4.1 for details.
5This paper is organized as follows. In Section 2, we introduce some notations
and technical lemmas used for our estimates in the rest sections. In Section 3, we
establish the a priori estimates. Section 4 is devoted to the global well-posedness (i.e.
the proof of Theorem 1.1 and 1.2).
2. Preliminary
In this section, we introduce some definitions and useful lemmas throughout this
paper. To begin with it, we define the inner products on L2(R2) and space V by
(u, v) =
∑
i∈{x,y}
∫
R2
uivi dxdy,
and
V = {u ∈ H1(R2) : ∇ · u = 0 in R2},
respectively. We also denote the dual space of V by V ′ and the action of V ′ on V by
< · , · >. Moreover, we set the trilinear continuous form by
b(u, v, w) =
∑
i,j∈{x,y}
∫
R2
ui∂iv
jwj dx. (2.7)
If u ∈ V , it is obvious that
b(u, v, w) = −b(u, w, v), ∀ v, w ∈ H1(R2), (2.8)
and
b(u, v, v) = 0, ∀ v ∈ H1(R2). (2.9)
Remark 2.1. One can follow standard arguments as in the theory of the Navier-
Stokes equations (see e.g., [13]) to conclude that the system (1.5)-(1.6) is equivalent
to the following system
d
dt
< u, ϕ > +
∑
i,j∈{x,y}
νij(∂ju
i, ∂jϕ
i) = (F (θ), ϕ)− b(u, u, ϕ), (2.10)
d
dt
< θ, ψ > +
∑
i∈{x,y}
κi(∂iθ, ∂iψ) = −b(u, θ, ψ), (2.11)
for any ϕ ∈ L2(0, T ;V ) and ψ ∈ L2(0, T ;H1(R2)).
Thanks to the incompressible condition on u, we can obtain the following uniform
bound on θ with the space variables.
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Lemma 2.1. Assume that (u, θ) is a smooth solution of system (1.1) and θ0 ∈ L
p(R2)
with p ∈ [2,∞], then there holds
‖θ(t, ·)‖Lp(R2) ≤ C‖θ0‖Lp(R2),
for any t > 0, where C is an absolute constant.
Since F (θ) is a C2 function on the variable θ, we can conclude that
‖F (θ(t, ·))‖L∞(R2) + ‖F
′(θ(t, ·))‖L∞(R2) + ‖F
′′(θ(t, ·))‖L∞(R2) ≤ M, (2.12)
from Lemma 2.1. Here M is a constant depending on ‖θ0‖L∞ only.
Now, let us recall some classical results which can be found in the cited references.
Lemma 2.2.
[10]
Suppose that the vector field u is divergent free. The vorticity
w = ∂yu
x − ∂xu
y ∈ Lp(R2) for p ∈ (1,∞), then there exists a constant Cp depending
on p such that
‖∇u‖Lp(R2) ≤ Cp‖w‖Lp(R2).
Lemma 2.3.
[7]
Consider the following elliptic system
−∆f = g in R2.
If g ∈ Lp(R2), then for any p ∈ (1,∞), there exists a unique solution f satisfying the
estimates
‖∇2f‖Lp(R2) ≤ Cp‖g‖Lp(R2),
where C depending only on p.
As an application of Lemma 2.3, −∆ux = ∂yw and −∆u
y = ∂xw, the following
lemma holds.
Lemma 2.4. Suppose that u = (ux, uy) is an vector field, whose divergence is zero.
Its vorticity w = ∂yu
x − ∂xu
y ∈ Lp(R2) for p ∈ (1,∞), then there exists a constant
Cp only depending on p such that
‖∇2ux‖Lp(R2) + ‖∂y∇u‖Lp(R2) ≤ Cp‖∂yw‖Lp(R2),
‖∇2uy‖Lp(R2) + ‖∂x∇u‖Lp(R2) ≤ Cp‖∂xw‖Lp(R2),
‖∇2∂yu
x‖Lp(R2) + ‖∂yy∇u‖Lp(R2) ≤ Cp‖∂yyw‖Lp(R2),
‖∇2∂xu
y‖Lp(R2) + ‖∂xx∇u‖Lp(R2) ≤ Cp‖∂xxw‖Lp(R2),
7‖∇2∂xu
x‖Lp(R2) ≤ Cp‖∂xyw‖Lp(R2).
Then, we have to mention here that the following two classical inequalities also
play the key role in the proof of Theorem 1.1 and 1.2.
Lemma 2.5. [Lemma 2.2, [3]] Assume f, g, h are smooth functions in R2. Then it
holds that∫
R2
|fgh| dxdy ≤ C‖f‖L2(R2)‖g‖
1
2
L2(R2)‖∂xg‖
1
2
L2(R2)‖h‖
1
2
L2(R2)‖∂yh‖
1
2
L2(R2),
where C is an absolute constant.
Lemma 2.6. [Lemma A.2, [5]] For any smooth function f(x, y), there exists a con-
stant C such that
‖f‖L∞(R2) ≤ C(‖f‖L2(R2) + ‖∂xf‖L2(R2) + ‖∂yyf‖L2(R2)),
and
‖f‖L∞(R2) ≤ C(‖f‖L2(R2) + ‖∂yf‖L2(R2) + ‖∂xxf‖L2(R2)).
Before the proof of our theorems, we would like to point out the following basic
facts.
Proposition 2.1. Any smooth solution (u, θ) of (1.1) also solves following system
∂tu
x + u · ∇ux − νyy∂xxu
x − νyx∂yyu
x + ∂xπ = F2(θ),
∂tu
y + u · ∇uy − νxy∂xxu
y − νxx∂yyu
y + ∂yπ = F1(θ),
∂tθ + u · ∇θ − κy∂xxθ − κx∂yyθ = 0,
∇ · u = 0,
(u, θ)(x, 0) = (u0, θ0)(x),
(2.13)
Remark 2.2. Setting (Uy, Ux,Θ,Π)(x, y, t) = (ux, uy, θ, π)(y, x, t) and putting it
into (1.1) imply Proposition 2.1 directly.
Remark 2.3. Since F1, F2 have the same regularity, it is clear that to prove Theorem
1.1 and 1.2, it suffices to deal with Case 7, 8, 10 and 11.
3. A priori Estimates
In this section, we will establish the a priori estimates.
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Lemma 3.1. Suppose that θ0 ∈ L
2 ∩ L∞(R2), F (θ0) ∈ L
2(R2) and u0 ∈ L
2(R2) with
∇ · u0 = 0. Then for a smooth solution (u, θ) of (1.1) with νi,j, κi ≥ 0 (i, j = x, y),
the following estimates hold
‖θ‖2L2 +
∫ T
0
(κx‖∂xθ‖
2
L2 + κy‖∂yθ‖
2
L2)dt ≤ C, (3.14)
‖F (θ)‖2L2 +
∫ T
0
(κx‖∂xF (θ)‖
2
L2 + κy‖∂yF (θ)‖
2
L2)dt ≤ C(T ), (3.15)
‖u‖2L2 +
∫ T
0
[(νxx + νyy)‖∂xu
x‖2L2 + νxy‖∂yu
x‖2L2 + νyx‖∂xu
y‖2L2]dt ≤ C(T ), (3.16)
where C is an absolute constant and the constant C(T ) depends only on T.
Proof. The proof of (3.14) relies on standard methods and we omit it here. To get
(3.15), by multiplying F ′(θ) on both sides of (1.1)3, we obtain that F (θ) solves the
following equation
∂tF (θ) + u · ∇F (θ)− κx∂xxF (θ)− κy∂yyF (θ) = −F
′′(θ)[κx(∂xθ)
2 + κy(∂yθ)
2].(3.17)
Taking inner product of (3.17) with F (θ) and integrating on R2 yields that
1
2
d
dt
‖F (θ)‖2L2 + κx‖∂xF (θ)‖
2
L2 + κy‖∂yF (θ)‖
2
L2
≤ C‖F ′′(θ)‖L∞ [κx‖∂xθ‖
2
L2 + κy‖∂yθ‖
2
L2 ]
≤ CM [κx‖∂xθ‖
2
L2 + κy‖∂yθ‖
2
L2 ],
This, together with integrating in time and (3.14), implies that
‖F (θ)‖2L2 +
∫ T
0
(κx‖∂xF (θ)‖
2
L2 + κy‖∂yF (θ)‖
2
L2)dt ≤ C(T ). (3.18)
Through similar process, one can also obtain
1
2
d
dt
‖u‖2L2 + [(νxx + νyy)‖∂xu
x‖2L2 + νxy‖∂yu
x‖2L2 + νyx‖∂xu
y‖2L2]
≤ C‖F (θ)‖L2‖u‖
2
L2,
which yields the conclusion by turning to the Gronwall’s inequality and (3.18). 
9Proposition 3.1. Under the assumptions of Theorem 4.1, for a smooth solution
(u, θ) of (1.1) with Case 7, there holds
‖u‖2H2 +
∫ T
0
[‖∂xyw‖
2
L2 + ‖∂yyw‖
2
L2]dt ≤ C(T ), (3.19)
and
‖θ‖2H2 +
∫ T
0
‖∇2∂xθ‖
2
L2dt ≤ C(T ), (3.20)
where the constant C(T ) depends only on T.
Proof. By Lemma 3.1, it holds that
‖θ‖2L2 + ‖u‖
2
L2 +
∫ T
0
[‖∂xθ‖
2
L2 + ‖∇u
x‖2L2 ]dt ≤ C(T ). (3.21)
Step 1. H1 estimates
By taking ∂i (i = x, y) on both sides of the second equation in (1.1), we have
∂t∂iθ + u · ∇∂iθ − ∂
2
x∂iθ = −∂iu · ∇θ. (3.22)
Multiplying (3.22) with ∂iθ and integrating on R
2 imply that
1
2
d
dt
‖∇θ‖2L2 + ‖∂x∇θ‖
2
L2 = −
∑
i,j∈{x,y}
∫
R2
∂iu
j∂jθ∂iθ dxdy ,
∑
i,j∈{x,y}
I ij , (3.23)
where I ij = −
∫
R2
∂iu
j∂jθ∂iθ dxdy.
We directly apply Lemma 2.5 and Young inequality to obtain that
|I ix| ≤ C‖∇ux‖L2‖∂xθ‖
1
2
L2
‖∂xyθ‖
1
2
L2
‖∇θ‖
1
2
L2
‖∂x∇θ‖
1
2
L2
≤ C‖∂x∇θ‖L2‖∇u
x‖L2‖∇θ‖L2
≤
1
8
‖∂x∇θ‖
2
L2
+ C‖∇ux‖2
L2
‖∇θ‖2
L2
.
(3.24)
In addition, noting the incompressible condition on u yields that
|I iy| = |
∫
R2
∂xu
y∂xθ∂yθ dxdy|+ |
∫
R2
∂xu
x∂yθ∂yθ dxdy|
= |
∫
R2
uy∂yθ∂xxθ dxdy|+ |
∫
R2
uy∂xyθ∂xθ dxdy|+ 2|
∫
R2
ux∂yθ∂xyθ dxdy|
≤ C‖∇∂xθ‖L2‖u‖
1
2
L2
‖∇ux‖
1
2
L2
‖∇θ‖
1
2
L2
‖∇∂xθ‖
1
2
L2
≤
1
4
‖∂x∇θ‖
2
L2 + C‖u‖
2
L2‖∇u
x‖2L2‖∇θ‖
2
L2. (3.25)
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It follows from (3.21), (3.23)-(3.25) and Gronwall’s inequality that
‖∇θ‖2L2 +
∫ T
0
‖∂x∇θ‖
2
L2dt ≤ C(T ). (3.26)
To obtain the higher estimates on u , we are ready to do the estimate of vorticity.
Taking ∇× to the equation of velocity in (1.1) gives that
∂tw + u · ∇w −∆∂yu
x = ∂x(F2(θ))− ∂y(F1(θ)), (3.27)
where w = ∂xu
y−∂yu
x. Then, multiplying (3.27) with w and integrating on R2 yield
that
1
2
d
dt
‖w‖2L2 + ‖∇∂yu‖
2
L2
≤
∫
R2
F ′2(θ)∂xθw dx−
∫
R2
F ′1(θ)∂yθw dx
≤ C(‖F ′1(θ)‖L∞‖∂yθ‖L2 + ‖F
′
2(θ)‖L∞‖∂xθ‖L2)‖w‖L2
≤ C‖∇θ‖2L2 + ‖w‖
2
L2.
Finally, the Gronwall’s inequality guarantees that
‖w‖2L2 +
∫ T
0
‖∇∂yu‖
2
L2dt ≤ C(T ). (3.28)
Step 2. H2 estimates
Multiplying (3.27) with −∆w and integrating on R2 yield that
1
2
d
dt
‖∇w‖2L2 + ‖∂xyw‖
2
L2 + ‖∂yyw‖
2
L2
= −
∫
R2
∇w · ∇u · ∇w dx−
∫
R2
∂x(F2(θ))∆w dx+
∫
R2
∂y(F1(θ))∆w dx
=
3∑
i
J i. (3.29)
One can make use of Lemma 2.5 to obtain that
J1 ≤ |
∫
R2
∂xw∂xu
x∂xw dxdy|+ |
∫
R2
∂xw∂xu
y∂yw dxdy|
+|
∫
R2
∂yw∂yu
x∂xw dxdy|+ |
∫
R2
∂yw∂yu
y∂yw dxdy|
≤ C‖∂xu
x‖
1
2
L2
‖∂xxu
x‖
1
2
L2
‖∂xw‖
3
2
L2
‖∂xyw‖
1
2
L2
(3.30)
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+C‖∂xu
y‖
1
2
L2
‖∂xyu
y‖
1
2
L2
‖∂xw‖L2‖∂yw‖
1
2
L2
‖∂xyw‖
1
2
L2
+C‖∂yu
x‖
1
2
L2
‖∂xyu
x‖
1
2
L2
‖∂xw‖
1
2
L2
‖∂yw‖L2‖∂xyw‖
1
2
L2
+C‖∂yu
y‖
1
2
L2
‖∂yyu
y‖
1
2
L2
‖∂yw‖
3
2
L2
‖∂xyw‖
1
2
L2
≤ C‖w‖
1
2
L2
‖∂xyu‖
1
2
L2
‖∇w‖
3
2
L2
‖∂xyw‖
1
2
L2
≤
1
4
‖∂xyw‖
2
L2 + C‖w‖
2
3
L2
‖∂xyu‖
2
3
L2
‖∇w‖2L2.
Thanks to integration by parts, Lemma 2.5, Ho¨lder and Young inequalities, we
conclude that the second term J2 satisfies
J2 =
∫
R2
∂xx(F2(θ))∂xw dxdy −
∫
R2
∂y(F2(θ))∂xyw dxdy
=
∫
R2
F ′′2 (θ)∂xθ∂xθ∂xw + F
′
2(θ)∂xxθ∂xw dxdy −
∫
R2
F ′2(θ)∂yθ∂xyw dxdy
≤ C‖∂xw‖L2‖∂xθ‖L2‖∂xxθ‖
1
2
L2
‖∂xyθ‖
1
2
L2
+ C‖∂xw‖L2‖∂xxθ‖L2 (3.31)
+C‖∂yθ‖L2‖∂xyw‖L2
≤
1
4
‖∂xyw‖
2
L2 + C(1 + ‖∂xθ‖
2
L2)‖∂xw‖
2
L2 + C(‖∂yθ‖
2
L2 + ‖∇∂xθ‖
2
L2).
Similarly, the third term J3 satisfies the estimate as follows.
J3 = −
∫
R2
∂xy(F1(θ))∂xw dxdy +
∫
R2
F ′1(θ)∂yθ∂yyw dxdy
= −
∫
R2
F ′′1 (θ)∂xθ∂yθ∂xw dxdy +
∫
R2
F ′1(θ)∂xyθ∂xw dxdy
+
∫
R2
F ′1(θ)∂yθ∂yyw dxdy
≤ C‖∂xw‖L2‖∂xθ‖
1
2
L2
‖∂yθ‖
1
2
L2
‖∂xyθ‖L2 + C‖∂xw‖L2‖∂xyθ‖L2 (3.32)
+C‖∂yθ‖L2‖∂yyw‖L2
≤
1
4
‖∂yyw‖
2
L2 + C(1 + ‖∇θ‖
2
L2)‖∂xw‖
2
L2 + C(‖∂yθ‖
2
L2 + ‖∇∂xθ‖
2
L2).
Hence, it holds that
d
dt
‖∇w‖2L2 + ‖∂xyw‖
2
L2 + ‖∂yyw‖
2
L2
≤ C(1 + ‖∇θ‖2L2 + ‖w‖
2
3
L2
‖∂xyu‖
2
3
L2
)‖∇w‖2L2 + C(‖∇θ‖
2
L2 + ‖∇∂xθ‖
2
L2),
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This, together with (3.26), (3.28) and Gronwall’s inequality, leads to
‖∇w‖2L2 +
∫ T
0
[‖∂xyw‖
2
L2 + ‖∂yyw‖
2
L2]dt ≤ C(T ). (3.33)
The next thing is to give the H2 estimates of θ. Multiplying (3.22)1 with −∂3xθ
and (3.22)2 with −∂3yθ yield that
1
2
d
dt
‖∆θ‖2L2 + ‖∆∂xθ‖
2
L2
=
∫
R2
u · ∇∂xθ∂
3
xθ dx+
∫
R2
u · ∇∂yθ∂
3
yθ dx (3.34)
−
∫
R2
∂xu · ∇θ∂
3
xθ dx−
∫
R2
∂yu · ∇θ∂
3
yθ dx
=
4∑
i
H i
We conclude that
H3 +H1
= −
∫
R2
∂xu
x∂xθ∂
3
xθ dx−
∫
R2
∂xu
y∂yθ∂
3
xθ dx
+
∫
R2
ux∂xxθ∂
3
xθ dx+
∫
R2
uy∂xyθ∂
3
xθ dx
≤ C‖∂3xθ‖L2‖∂xu
x‖
1
2
L2
‖∂xyu
x‖
1
2
L2
‖∂xθ‖
1
2
L2
‖∂2xθ‖
1
2
L2
(3.35)
+C‖∂3xθ‖L2‖∂xu
y‖
1
2
L2
‖∂xyu
y‖
1
2
L2
‖∂yθ‖
1
2
L2
‖∂xyθ‖
1
2
L2
+C‖∂3xθ‖L2‖u
x‖
1
2
L2
‖∂yu
x‖
1
2
L2
‖∂xxθ‖
1
2
L2
‖∂3xθ‖
1
2
L2
+C‖∂3xθ‖L2‖u
y‖
1
2
L2
‖∂xu
y‖
1
2
L2
‖∂xyθ‖
1
2
L2
‖∂xyyθ‖
1
2
L2
≤ C‖∆∂xθ‖L2‖w‖
1
2
L2
‖∂xyu‖
1
2
L2
‖∇θ‖
1
2
L2
‖∆θ‖
1
2
L2
+C‖∆∂xθ‖
3
2
L2
‖u‖
1
2
L2
‖w‖
1
2
L2
‖∆θ‖
1
2
L2
≤
1
4
‖∆∂xθ‖
2
L2 + C(‖∇θ‖
2
L2 + ‖u‖
2
L2‖w‖
2
L2)‖∆θ‖
2
L2
+C‖w‖2L2‖∂xyu‖
2
L2 ,
by Ho¨lder inequalities, Lemma 2.5 and Young inequalities.
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As for the left terms, more careful decompositions are needed. Thanks to Lemma
2.5, it holds that
H2
=
∫
R2
ux∂xyθ∂
3
yθ dx+
∫
R2
uy∂yyθ∂
3
yθ dx
= −
∫
R2
∂yu
x∂xyθ∂yyθ dx−
∫
R2
ux∂xyyθ∂yyθ dx−
1
2
∫
R2
∂yu
y∂yyθ∂yyθ dx
≤ C‖∂xyθ‖
1
2
L2
‖∂xyyθ‖
1
2
L2
‖∂yu
x‖L2‖∂yyθ‖
1
2
L2
‖∂xyyθ‖
1
2
L2
(3.36)
+C‖∂xyyθ‖L2‖u
x‖
1
2
L2
‖∂yu
x‖
1
2
L2
‖∂yyθ‖
1
2
L2
‖∂xyyθ‖
1
2
L2
+C‖∂yyθ‖
3
2
L2
‖∂xyyθ‖
1
2
L2
‖∂yu
y‖
1
2
L2
‖∂yyu
y‖
1
2
L2
≤ C‖∆∂xθ‖L2‖w‖L2‖∆θ‖L2 + C‖∆∂xθ‖
3
2
L2
‖u‖
1
2
L2
‖w‖
1
2
L2
‖∆θ‖
1
2
L2
+C‖∆∂xθ‖
1
2
L2
‖∆θ‖
3
2
L2
‖w‖
1
2
L2
‖∂xyu‖
1
2
L2
≤
1
4
‖∆∂xθ‖
2
L2 + C‖w‖
2
L2(1 + ‖u‖
2
L2)‖∆θ‖
2
L2 + C‖w‖
2
3
L2
‖∂xyu‖
2
3
L2
‖∆θ‖2L2 ,
and
H4 = −
∫
R2
∂yu
x∂xθ∂
3
yθ dx−
∫
R2
∂yu
y∂yθ∂
3
yθ dx
=
∫
R2
∂yu
x∂xyθ∂yyθ dx+
∫
R2
∂yyu
x∂xθ∂yyθ dx
+
∫
R2
∂yyu
y∂yθ∂yyθ dx+
∫
R2
∂yu
y∂yyθ∂yyθ dx
≤ C‖∂xyθ‖
1
2
L2
‖∂yyθ‖
1
2
L2
‖∂xyyθ‖L2‖w‖L2
+C‖∂yyu
x‖L2‖∂yyθ‖
1
2
L2
‖∂xyyθ‖
1
2
L2
‖∂xθ‖
1
2
L2
‖∂xyθ‖
1
2
L2
(3.37)
+C‖∂yyu
y‖L2‖∂yyθ‖
1
2
L2
‖∂xyyθ‖
1
2
L2
‖∂yθ‖
1
2
L2
‖∂yyθ‖
1
2
L2
+C‖∂yyθ‖L2‖∂yu
y‖
1
2
L2
‖∂yyu
y‖
1
2
L2
‖∂yyθ‖
1
2
L2
‖∂xyyθ‖
1
2
L2
≤ C‖∆∂xθ‖L2‖∆θ‖L2‖w‖L2 + C‖∆∂xθ‖
1
2
L2
‖∇w‖L2‖∇θ‖
1
2
L2
‖∆θ‖L2
+C‖∆∂xθ‖
1
2
L2
‖∆θ‖
3
2
L2
‖w‖
1
2
L2
‖∇w‖
1
2
L2
≤
1
4
‖∆∂xθ‖
2
L2 + C(1 + ‖w‖
2
L2 + ‖∇w‖
2
L2 + ‖w‖
2
L2‖∇w‖
2
L2)‖∆θ‖
2
L2
+C‖∇θ‖2L2 .
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Now summing up (3.34)-(3.37), employing Gronwall’s inequality together with (3.26),
(3.28) and (3.33) give that
‖∆θ‖2L2 +
∫ T
0
‖∆∂xθ‖
2
L2dt ≤ C(T ), (3.38)
which leads to (3.19)-(3.20) by combing (3.26), (3.28), (3.33)and applying Lemma
2.3, 2.4. 
For Case 8, 10, we have the similar estimates.
Corollary 3.1. Assume that the assumptions of Theorem 4.1 hold.
(i) For a smooth solution (u, θ) of (1.1) with Case 8, it holds that
‖u‖2H2 +
∫ T
0
[‖∂xyw‖
2
L2 + ‖∂yyw‖
2
L2]dt ≤ C(T ), (3.39)
and
‖θ‖2H2 +
∫ T
0
‖∇2∂xθ‖
2
L2dt ≤ C(T ). (3.40)
(ii) For a smooth solution (u, θ) of (1.1) with Case 10, if (1.2) holds, then we have
‖u‖2H2 +
∫ T
0
[‖∂xyw‖
2
L2 + ‖∂yyw‖
2
L2]dt ≤ C(T ), (3.41)
and
‖θ‖2H2 +
∫ T
0
‖∇2∂yθ‖
2
L2dt ≤ C(T ), (3.42)
where the constant C(T ) only depends on T.
Proof. (i) Compared with the proof of Lemma 3.1, there is only a minor modifi-
cation in the H1 estimates of θ. Different from (3.21) , by Lemma 3.1, it holds here
that
‖u‖2L2 +
∫ T
0
‖∂yu‖
2
L2dt ≤ C(T ). (3.43)
Moreover, by same calculation with (3.22), (3.23) and the incompressible condition,
we can obtain that
1
2
d
dt
‖∇θ‖2L2 + ‖∂x∇θ‖
2
L2
≤
1
2
‖∂x∇θ‖
2
L2 + C‖∂yu‖
2
L2‖∇θ‖
2
L2 + C‖u‖
2
L2‖∂yu‖
2
L2‖∇θ‖
2
L2 . (3.44)
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Then one can follow Lemma 3.1 to finish the proof.
(iii) Case 10 is similar to Case 7 except horizontal thermal diffusivity replaced by
vertical thermal diffusivity.
Since the symmetric structure of (1.1), it suffices to show the H1 estimates of θ.
It is clear that the energy estimates provide
‖u‖2L2 +
∫ T
0
‖∇ux‖2L2 ≤ C(T ). (3.45)
Compared with (3.23), it is only different in the first term. Since (1.2) holds, it
follows that
I1 = 2|
∫
R2
uy∂xθ∂xyθ dx|
≤ C‖uy‖L2‖∂xu
y‖
1
2
L2
‖∂xθ‖
1
2
L2
‖∂xyθ‖
3
2
L2
(3.46)
≤
1
4
‖∂xyθ‖
2
L2 + C‖u
y‖2L2‖∂xu
y‖2L2‖∂xθ‖
2
L2 .
Then, the H1 estimates of θ can be obtained in a similar way. 
As mentioned in Remark 1.2, although there are two viscosities in Case 11, only
one viscosity function takes effect by the incompressible condition. It brings less
viscosity terms than other cases in the a priori estimates. Therefore, we need an
additional assumption to overcome this difficulty.
Corollary 3.2. Suppose that the assumptions of Theorem 4.1 hold, for a smooth
solution (u, θ) of (1.1) with Case 11, the estimates
‖u‖2H2 + ‖θ‖
2
H2 +
∫ T
0
[‖∂xyw‖
2
L2 + ‖∇
2∂xθ‖
2
L2 ]dt ≤ C(T ), (3.47)
hold if (1.2) be satisfied, where the constant C(T ) only depends on T.
Proof. Assume that (1.2) holds, by the similar calculation with Proposition 3.1, it
is clear to obtain that
‖w‖2L2 + ‖∇θ‖
2
L2 +
∫ T
0
[‖∂xyu‖
2
L2 + ‖∂x∇θ‖
2
L2 ]dt ≤ C(T ). (3.48)
As for the H2 estimates, we have less useful information than the other cases. It
seems hard to obtain the single estimate of ‖w‖L∞(0,T ;L2(R3)) or ‖∆θ‖L∞(0,T ;L2(R3))
separately as before. Hence, we intend to estimate them together. It follows from
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integration by parts that
1
2
d
dt
(‖∇w‖2L2 + ‖∆θ‖
2
L2) + ‖∂xyw‖
2
L2 + ‖∆∂xθ‖
2
L2
=
3∑
i
J i +
4∑
i
H i. (3.49)
It should be noted that J1 + J2 and H1 + H2 + H3 can be estimated as before.
Therefore, we have
J1 + J2
≤
1
4
‖∂xyw‖
2
L2 + C(1 + ‖∂xθ‖
2
L2 + ‖w‖
2
3
L2
‖∂xyu‖
2
3
L2
)‖∇w‖2L2 (3.50)
+C(‖∂yθ‖
2
L2 + ‖∇∂xθ‖
2
L2),
and
H1 +H2 +H3
≤
1
4
‖∆∂xθ‖
2
L2 + C(‖w‖
2
L2 + ‖u‖
2
L2‖w‖
2
L2 + ‖w‖
2
3
L2
‖∂xyu‖
2
3
L2
)‖∆θ‖2L2 (3.51)
+C(1 + ‖∇θ‖2L2)‖∆θ‖
2
L2 + C‖w‖
2
L2‖∂xyu‖
2
L2.
On the other hand, J3 and H4 can be controlled by the bounds in the following
inequalities
J3 =
∫
R2
∂x(F1(θ))∂xyw dx−
∫
R2
∂yy(F1(θ))∂yw dx
=
∫
R2
F ′1(θ)∂xθ∂xyw dx−
∫
R2
F ′′1 (θ)∂yθ∂yθ∂yw dx
−
∫
R2
F ′1(θ)∂yyθ∂yw dx
≤ C‖∂xθ‖L2‖∂xyw‖L2 + C‖∂yw‖L2‖∂yθ‖L2‖∂xyθ‖
1
2
L2
‖∂yyθ‖
1
2
L2
(3.52)
+C‖∂yw‖L2‖∂yyθ‖L2
≤
1
4
[‖∂xyw‖
2
L2 + ‖∆θ‖
2
L2 ] + C(1 + ‖∇θ‖
2
L2)(1 + ‖∇w‖
2
L2),
and
H4 = −
∫
R2
∂yu
x∂xθ∂
3
yθ dx−
∫
R2
∂yu
y∂yθ∂
3
yθ dx
=
∫
R2
∂yu
x∂xyθ∂yyθ dx+
∫
R2
∂yyu
x∂xθ∂yyθ dx
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+
∫
R2
∂yu
y∂yyθ∂yyθ dx+
∫
R2
∂yyu
y∂yθ∂yyθ dx
≤ C‖∂xyθ‖
1
2
L2
‖∂yyθ‖
1
2
L2
‖∂xyyθ‖L2‖w‖L2
+C‖∂yyu
x‖L2‖∂yyθ‖
1
2
L2
‖∂xyyθ‖
1
2
L2
‖∂xθ‖
1
2
L2
‖∂xyθ‖
1
2
L2
+C‖∂yyθ‖L2‖∂yu
y‖
1
2
L2
‖∂yyu
y‖
1
2
L2
‖∂yyθ‖
1
2
L2
‖∂xyyθ‖
1
2
L2
(3.53)
+C‖∂yyu
y‖L2‖∂yθ‖
1
2
L2
‖∂yyθ‖
1
2
L2
‖∂yyθ‖
1
2
L2
‖∂xyyθ‖
1
2
L2
≤ C‖∆∂xθ‖L2‖∆θ‖L2‖w‖L2 + C‖∇w‖L2‖∆θ‖
1
2
L2
‖∆∂xθ‖
1
2
L2
‖∇θ‖
1
2
L2
‖∇∂xθ‖
1
2
L2
+C‖∆∂xθ‖
1
2
L2
‖∆θ‖L2(‖∆θ‖
1
2
L2
‖w‖
1
2
L2
‖∂xyu‖
1
2
L2
+ ‖∂xyu‖L2‖∇θ‖
1
2
L2
)
≤
1
4
‖∆∂xθ‖
2
L2 + C(1 + ‖w‖
2
L2 + ‖∂xyu‖
2
L2 + ‖w‖
2
L2‖∂xyu‖
2
L2)‖∆θ‖
2
L2
+C‖∇θ‖2L2(1 + ‖∆θ‖
2
L2) + C‖∇∂xθ‖L2‖∇w‖
2
L2.
Now, the estimates are closed by turning to the Gronwall’s inequality and the proof
is finished. 
4. Global well-posedness
After obtaining the necessary estimates, we can prove the existence and uniqueness
of the solution in Theorem 1.1 and Theorem 1.2.
Proposition 4.1. Let θ0 ∈ L
∞(R2)∩H2(R2), F (θ0) ∈ L
2(R2) and u0 ∈ H
2(R2) with
∇ · u0 = 0. Then there exists at least one global weak solution (u, θ) solving system
(1.1) with Case 7, Case 8, Case 10 and Case 11 such that
(u, θ) ∈ L∞(R+;H
2(R2)).
Proof. Based on our a priori estimates, the proof can be achieved through Friedrichs
method which is also known as “modified Galerkin method”. One may see [14] for
example. Without loss of generality, we assume νij = κi = 1 (i, j = x, y). For ǫ > 0,
let j be a positive radial compactly supported smooth function whose integral equals
1 and denote Jǫ as a Friedrichs mollifier by
Jǫ = jǫ ∗ u, where jǫ = ǫ
−2j(ǫ−1x).
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Moreover, let P be the Leray projector over divergence free vector fields. Then the
following properties holds
J2ǫ = Jǫ, P
2 = P, PJǫ = JǫP. (4.54)
Now, consider the following approximating system
∂tuǫ + PJǫ(Jǫuǫ · ∇Jǫuǫ)− PJǫ(F (Jǫθǫ)) = ∆PJǫuǫ,
∂tθǫ + Jǫ(Jǫuǫ · ∇Jǫθǫ) = ∆Jǫθǫ,
(uǫ, θǫ)(x, 0) = Jǫ(u0, θ0).
(4.55)
The Cauchy-Lipschitz theorem guarantees the existence of a unique smooth solution
(uǫ, θǫ) in short time. Due to (4.54), (Puǫ, θǫ) and (Jǫuǫ, Jǫθǫ) are also solutions of
(4.55). This yields that the solution to (4.55) exactly solves the following system
∂tuǫ + PJǫ(uǫ · ∇uǫ)− PJǫ(F (θǫ)) = ∆Puǫ,
∂tθǫ + Jǫ(uǫ · ∇θǫ) = ∆θǫ,
∇ · uǫ = 0,
(u, θ)(x, 0) = Jǫ(u0, θ0).
(4.56)
Then, by Lemmas 2.2-2.4, the fact that Jǫ and PJǫ are orthogonal projectors in
L2 and the similar priori estimates obtained in Section 3, we have
(uǫ, θǫ) ∈ L
∞(R+;H
2(R2)), (4.57)
where the uniform bound here is independent of ǫ.
Thanks to the Sobolev embeddings and Ho¨lder inequalities, uǫθǫ ∈ L
2
loc(R+;L
4(R2))
and uǫ ⊗ uǫ ∈ L
2
loc(R+;L
2(R2)). These imply that (∂tuǫ ∂tθǫ) ∈ L
2
loc(R+;H
−1(R2)).
Since the Sobolev embeddings L4 →֒ H−1 and L2 →֒ H−1 are locally compact, the
classical Aubin-Lions argument (with a diagonal process if needed) guarantees that
we can extract a sequence of (uǫ, θǫ), still denoted by itself, such that there is a limit
(u, θ) satisfying uǫ −→ u strongly in L2 and θǫ −→ θ strongly in L2. Moreover,
(u, θ) ∈ L∞(R+;H
2(R2)).
Hence, the existence is obtained. The left thing is to show the uniqueness of the
solution.
For any fixed T > 0, suppose there are two solutions (u, θ, π), (u˜, θ˜, π˜) of (1.1) and
let U = u˜− u, Θ = θ˜ − θ, Π = π˜ − π, then by Remark 2.1, it holds that
d
dt
< U, ϕ > +b(u˜, U, ϕ) + b(U, u, ϕ) +
∑
i,j∈{x,y}
νij(∂jU
i, ∂jϕ
i)
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= ([F (θ˜)− F (θ)], ϕ), (4.58)
d
dt
< Θ, ψ > +b(u˜, θ, ψ) + b(U, θ, ϕ) +
∑
i∈{x,y}
κi(∂iΘ, ∂iψ) = 0, (4.59)
(U,B)(x, 0) = 0, (4.60)
for any ϕ ∈ L2(0, T ;V ) and ψ ∈ L2(0, T ;H1(R2)).
Now, we take ϕ = U in (4.58) and ψ = Θ in (4.59) respectively. By (2.9) and
Lions-Magenes Lemma (see e.g., [13]), one can obtain that
1
2
d
dt
(‖U‖2L2 + ‖Θ‖
2
L2) (4.61)
≤
∫
R2
[F (θ˜)− F (θ)] · U dx−
∫
R2
U · ∇u · U dx−
∫
R2
U · ∇θ ·Θ dx
From (2.12), it is clear that
‖F (θ˜)− F (θ)‖L2 ≤ ‖
∫ θ˜
θ
F ′(s) ds‖L2 ≤ C‖Θ‖L2. (4.62)
Thus, we have
d
dt
(‖U‖2L2 + ‖Θ‖
2
L2)
≤ C(1 + ‖∇u‖2L∞ + ‖∇θ‖
2
L∞)(‖U‖
2
L2 + ‖Θ‖
2
L2).
This, together with Gronwall’s inequality, implies that
‖U(t)‖2L2 + ‖Θ(t)‖
2
L2 ≤ Ce
∫ T
0
[‖∇u‖L∞+‖∇θ‖L∞ ]dt(‖U0‖
2
L2 + ‖Θ0‖
2
L2). (4.63)
Next, we recall the a priori estimates obtained in Section 3. By applying Lemma
2.4 and 2.6, it holds that
‖∇u‖L∞ ≤ 2‖∂xu
x‖L∞ + ‖∂xu
y‖L∞ + ‖∂yu
x‖L∞
≤ C(‖∂xu
x‖L2 + ‖∂xxu
x‖L2 + ‖∂xyyu
x‖L2)
+C(‖∂xu
y‖L2 + ‖∂xxu
y‖L2 + ‖∂xyyu
y‖L2)
+C(‖∂yu
x‖L2 + ‖∂yyu
x‖L2 + ‖∂xxyu
x‖L2)
≤ C(‖w‖L2 + ‖∇w‖L2 + ‖∂xyw‖L2),
and
‖∇θ‖L∞ ≤ C(‖∇θ‖L2 + ‖∆θ‖L2 + ‖∆∂xθ‖L2),
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or
‖∇θ‖L∞ ≤ C(‖∇θ‖L2 + ‖∆θ‖L2 + ‖∆∂yθ‖L2).
Then it follows Proposition 3.1, Corollary 3.1, Corollary 3.2 and (4.63) that
‖U(t)‖2L2 + ‖Θ(t)‖
2
L2 ≤ C(T )(‖U0‖
2
L2 + ‖Θ0‖
2
L2) = 0,
for any t ∈ [0, T ]. Hence, it is done and the proof of Theorem 1.1 and 1.2 is complete.
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